Abstract-Formation Flying control involves the computation of relative kinematics and dynamics among a number of orbiting platforms. Formations are not the only space application in which several components operate coordinately at the same time. "Multibody" is the scheme usually adopted to model the robotic arms of the space manipulators or large space platforms as the International Space station, and multibody can be also seen as a set of components orbiting together. A number of software codes have been developed during the years to represent and simulate this scheme, taking into account the differential forces acting on each member. This paper proposes to build on this effort to test a different way for evaluating the control of spacecraft formations. The formation spacecraft will be represented by the joints of the multibody. The links, represented as structural element with infinite stiffness, virtually reproduce the relative constraints in position and attitude among the platforms. The idea is to consider the orientation and the length of the links such that the joints (spacecraft) will actually assume the relative geometry which is the desired state at a given time. The forces and torques to be provided to the real spacecraft belonging to the formation are related to the reaction torques and forces which are provided at the joints in the corresponding multibody representation. These reactions can be easily computed by available multibody codes, and the values found can be applied to a standard orbital propagator to compute the dynamical behavior and to validate the approach. The advantage stays with the quick, easy computation of the inverse kinematics, which is routinely performed by multibody software. The solution should be useful to both the cases of keeping an already acquired configuration, like large distributed antennas virtually built by several spacecraft, as well as to the rigid reorientation of a formation, like in some astronomical missions.
INTRODUCTION
Exploiting the advances in aerospace sciences, a number of space missions nowadays involves several cooperating spacecraft implementing a formation. The usefulness of this architecture often lays in their capability to maintain within a certain accuracy a defined orbital configuration. In such a way, it is possible to have a fruitful partition of the tasks among the spacecraft, increasing the payload return as well as the versatility and the tolerance to possible single failure. Of course the relative control is an additional, and possibly expensive, feature. This is the reason the formations' design is usually based as much as possible on the natural dynamics, while its real application has to face the limited but long-lasting effect of perturbations. An example of this tendency is represented by formations designed in a way to exploit the gravity gradient effects on the basis of well known Euler-Hill or Clohessy-Wiltshire equations [1] . Due to the linearized nature, such a model can be easily adopted to design even optimal (as the LQR) control strategies [2] . However the perturbations modify these configurations, leading the way to control systems working in a wider environment [3] , or, at least, to evaluate in an extended region the performance of control strategies which have been obtained, and rigorously proven to work, in the neighborhood of a defined set-point. In fact, a stronger constraint about the viability of extensive, non linear control strategies is represented by the effort which is required to acquire or maintain the desired configuration. The estimate of this effort can easily be order(s) of magnitude higher than the ∆v amounts required by optimal linear strategies. Therefore, the orbital control easily becomes either a hard constraint or at least a design driver for a mission exploited by formation flying. As the quest for control moves from expensive global control theories to less formal, theoretically uncertain but practically successful (or deemed to be) approaches, novel, even ingenuous schemes can be useful to better define the problem. To clarify this point, an example of these schemes is reported in Figure 1 (adapted from [4] ): a number of virtual springs are "inserted" among the different platforms, with each satellite exploiting, by means of its own thruster, a corresponding control action proportional to the variation of its distance from other surrounding spacecrafts. Also, the same idea of the springs virtually acting among the spacecraft can be used to evaluate the command to keep the orbital altitude. The adoption of the springs easily lead to write down an elastic potential for the configuration, therefore enabling to compute the control for each individual platform.
Figure 1 -The spring model (from [2])
Following this path, the present paper aims to contribute to the task of computing the control effort for a formation by suggesting to build on the remarkable effort done during the years on the simulation of orbiting multibodies. Efficient software has been prepared to correctly represent the behavior of robotic arms or complex structures assembled by different parts, with intrinsic internal mobility and flexibility. As intermediate step of the computation of the behavior of these structures in the orbital environment, the forces (reactions) and torques acting at the joints among the links of the arms or the parts of the structures are routinely evaluated. Switching the perspective towards the formation, if the satellites are located at the joints, and the arms are changed in virtual links joining the different platforms, the behavior of the formation can be represented by the changing configuration of a (large) virtual multibody anchored to the joints (Figure 2 ). In such a way, the actions to be exerted on the spacecraft (orbital and attitude control commands) to acquire or maintain a defined configuration should be computed on the basis of the reactions at the joints of the multibody. The advantage is that the latter can be easily evaluated by already existing software. This paper is aimed to verify the suitability of this scheme. The analysis, aimed to assess the approach, will be carried on under the simplified hypotheses of a bi-dimensional problem (limited to the orbital plane) and to an environment where only gravitational attraction acts (i.e. the only differential perturbation among the spacecraft will be given by gravity gradient). A successful verification will pave the way to more extensive simulations, which, based on already existing simulation codes representing the overall set of orbital perturbation models, should not add too much operational complexity.
In the following, a simple and typical model of the behavior of a satellite formation under the accepted hypotheses, to be used for comparison purposes, is preliminarily introduced (Section 2). Then (Section 3) the characteristics of the equivalent dynamic model of a multibody are derived, and the findings are summarized in a compact and more usable state-space form (Section 4) leading the way to the applications of well-known multiple input -multiple output (MIMO) control algorithms. Section 5 reports the numerical proof of the equivalence of the two behaviors of the formation and of the virtual multibody in terms of forces (and torques) exchanged, therefore assessing the suitability of the multibody approach. Section 6 summarizes the findings and shortly depicts the additional work foreseen on this subject.
FORMATION FLYING MODEL
The analysis in the following deals with a bidimensional case, so that the obvious choice for the reference inertial frame includes the origin located at the center of the Earth and the two axes 1 C and 2 C laying on the orbital plane. The formation orbits will be referred to a point F (virtual center of the formation flight, not necessarily the location of one of the spacecraft belonging to the formation) which describes a circular orbit of radius F r with respect the inertial reference frame. A suitable orbital reference frame can be assumed for describing the motion of the satellites around the point F , given by the local vertical rˆ trough the point F as the first axis and the in plane local horizontal direction ϑˆ as the second axis (Fig.3) . 
MULTIBODY EQUIVALENT MODEL
The same set of satellites described in the previous section can be seen as a set of massive joints connected by virtual links. We can define each link by the connecting vector
from the i-th satellite to the i+1-th satellite:
where o apex is related to the orbital reference frame Under these assumptions the system is composed by N-1 links and each link has its center of mass located between the two connecting masses. Specifically, it is possible to locate this point via the relation: 
n is the mean anomaly of the formation center, the letters c and s indicate the cosine and the sine of the argument included into parentheses and
is the length of the link. Deriving with respect to the time and taking into the account that the orbital reference frame is rotating with respect the inertial reference frame, we can obtain the scalar relations for the velocities and the accelerations of the centers of the links as follows: 
978-1-4577-0557-1/12/$26.00 ©2012 IEEE which take into account all the relative motions' effects between the bodies and the rotating orbital reference frame. On the other hand the computation of the gravity gradient effects on every single body is required in order to write a system of interconnected multibody translational equations which should take into account the same effects of the Clohessy Wiltshire equations:
So for each link it is possible to write the following system of translational equations with respect the orbital reference frame: 8) depend only on the position of the reference satellite with respect to the orbital reference frame on the attitude angles of each link and on the length of each link, i.e. on the range between each couple of satellites. All these quantities can be easily measured on board. This means that writing this kind of equation of motion, with respect to the classical formation flying equations, is more immediate for on board computation, because the variables involved are directly the observables. The only unknown parameters are the reaction forces acting on the masses, and the aim of this paper is to find these reactions with an inverse dynamic problem and apply them to the formation in order to command the formation as a multibody system. ), these equations can be written as:
where it is required to take into account possible variations of the inertia dyadics of each link due to the variable length of the link itself. The moment of inertia To complete the set, it is also necessary to add to the system the equations relative to the extension of each link of the virtual multibody system. They can be found by projecting the second time derivative of Eq. 2 to the direction along the link and substituting the terms in the second member with the relevant accelerations due to the forces applied to the tips of the link, obtaining: 
STATE SPACE FORMULATION FOR THE MULTIBODY MODEL
Eq. (8), Eq. (9) and Eq.(14) with their associated relations, represent a complete system of equations describing the inplane dynamics of a formation of satellites in terms of the alignments between the satellites and the distances between them. These quantities, with respect to the positions coordinates in Eq.(1), are observable directly by sensors mounted on board of the satellites. The system unfortunately is no linear, as it takes into account all the nonlinearities due to the apparent forces between the members of the hypothetical multibody system. Based on a selection of the system state space vector as follows:
the system equations can be written in a more compact form as: The terms in the right member of Eq. 16 can be grouped together following their origin. In particular the terms due to gravity gradient can be inserted into the vector G whose elements can be expressed by: The coupling terms due to centrifugal and Coriolis terms can be included into the vector C as follows: 
which leads to:
where [ ]
represents the extended mass matrix of the system. By inversion of the matrix Z it is possible to find an explicit relation between the system variables and reaction forces required to command the multibody system: ( )
The inversion, equivalent to the solution of the inverse dynamic problem for a multibody system, is suitably implemented by optimized algorithms developed for terrestrial purposes. In such a way, these already existing algorithms are used in spacecraft formations' dynamics problems to compute the thrust needed (corresponding to the reactions in the virtual multibody) to have the satellites following the desired trajectory.
NUMERICAL PROOF OF THE EQUIVALENCE OF THE TWO MODELS
A test campaign based on software simulations was carried out to verify that the two models are actually equivalent.
The approach followed for controlling the formation is represented in Fig.4 , where is shown that starting from a desired shape or target maneuver it is possible to transform the problem from the formation to the multibody world and vice versa. The desired shape is translated into a relative attitude and individual length of the virtual links. The original problem becomes a kinematic inversion problem of an equivalent multibody system The kinematic solution will be passed as input to the block which solves the multibody dynamic problem (Eq.27), in order to compute the reactions along the links. These reactions can be reduced to the to the thrusts applied to the satellites for controlling the formation dynamics. The resulting trajectory for the formation model is obtained by integrating Eq.1 with external forces (i.e. control) given by these thrust vectors. The test formation will be based on four platforms in a circular orbit of 500km height. As a first test, let us consider four platforms aligned along the local vertical, with initial 5 shows several snapshots of the system configuration made at different times, with satellite positions in red and the virtual multibody links and joints blue-colored. First of all, it is clear how both classical and multibody models produce the same results in the simulation. In the specific case, the initial condition on velocities is not sufficient to have a complete 2π rotation, while the system, driven by gravity gradient effect, starts librating around its stable equilibrium configuration along the local vertical. The reaction forces to appear in the links computed by multibody inverse dynamic problem are plotted in Fig.6 (curves for the first and third links overlap due to the symmetry of the configuration in the C-W case). The same reactions are then transformed in their components along radial and tangential directions, providing the thrust components necessary to follow the same dynamics of the multibody system (Fig. 7) . This transformation is based on the composition of the several reactions relevant to each joint, weighted for the fraction of the link mass which is associated with the specific joint [5] . The results can be inserted in the right-hand terms of Eq. (1). Several snapshots of an additional case of free dynamic evolution are reported in Fig.8 . Starting with larger initial velocities, the formation will rotate around its centre of mass, at a rate equal to three times the mean motion in this specific simulation. Again, the reactions along the virtual links can be reported to the thrust to be exerted at the joints (i.e. the spacecraft) to follow the desired behavior ( Figures  9-10 ). In Fig.8 are represented some snapshots of the motion of the formation. Further numerical tests have been carried out in order to taking into account a controlled dynamics instead a natural one. In such a condition, once the target configuration has been identified, one of the control algorithms available in the libraries of an in-house multibody software code (namely, the one based on the Feedback Linearization Technique [6] ) started to work with the aim to gain the final configuration. The reaction exchanged at the joints by the virtual links during the maneuver have been evaluated, together with the centrifugal forces relevant to each link tips which grow up during the motion. Then, the same field of forces has been applied to 4 point masses initially not perfectly ordered that should attain the aligned configuration along the local horizontal. Following Fig. 11 represents the behavior of the formation during a sequence of time instants and clearly show the equivalence between the two representations. As in previous cases, the Figures 12 and 13 report the reactions along virtual links and the resulting thrusts necessary to align the formation along the local horizontal. .
FINAL REMARKS
Formation Flying is a widespread mission concept, whose success strongly depends on the accuracy and the cost of the orbital control system. In a remarkably nonlinear environment, a number of strategies have been adopted to design successful, even if not certain from a theoretical point of view, control laws. This paper proposes to build the control strategy on the basis of the number of the software codes prepared along the years to carefully simulate the behavior of orbiting multibodies. If the spacecraft belonging to the formation are represented by the joints, and the connecting link represent virtual links among them, the forces and torques these links apply to the spacecraft are equal to the control actions needed to maintain the configuration. The paper details the algorithm to design the equivalent multibody systems, and, by means of the comparison between simulations, shows that this approach is correct, then paving the way to easily compute the control effort.
Future work will be devoted initially to better understand the subtleties of the equivalence proposed and to widen the meaning of the simulations representing a full 3D case as well as a complete set of orbital perturbations. Then a realistic evaluation of the computational effort for this control strategy will be investigated, taking into account that this strategy deals with variables which are naturally observables on board. Also, the technique will be modified to include the attitude of the satellites, in order to have a complete scheme to represent formation dynamics and pointing and to compute the relevant control actions.
